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Abstract: The motion of stars in the gravitational potential of a triaxial
galaxy is generically chaotic. However, the timescale over which the chaos
manifests itself in the orbital motion is a strong function of the degree
of central concentration of the galaxy. Here, chaotic diffusion rates are
presented for orbits in triaxial models with a range of central density
slopes and nuclear black-hole masses. Typical diffusion times are found
to be less than a galaxy lifetime in triaxial models where the density
increases more rapidly than ∼ r−1 at the center, or which contain black
holes with masses that exceed ∼ 0.1% of the galaxy mass. When the mass
of a central black hole exceeds roughly 0.02 Mgal, there is a transition
to global stochasticity and the galaxy evolves to an axisymmetric shape
in little more than a crossing time. This rapid evolution may provide a
negative feedback mechanism that limits the mass of nuclear black holes
to a few percent of the stellar mass of a galaxy.
1. Introduction
The gravitational force that determines the motion of a star in a galaxy has two
components: the smooth force generated by the overall mass distribution, and
the non-smooth force that results from close encounters between individual stars.
The relative importance of the two components after one orbital period is roughly
equal to 0.1N/ logN , whereN is the number of stars in the galaxy.1 For a typical
galaxy with N ≈ 1011 stars, close encounters between stars are unimportant and
the dynamics are essentially collisionless, at least over timescales of 102 − 103
orbital periods that correspond to galaxy lifetimes.
Motion in a smooth gravitational field becomes quite simple if the num-
ber of isolating integrals equals or exceeds the number of degrees of freedom,
and much work in galactic dynamics has focussed on finding integrable or near-
integrable models for galactic potentials.2 Kuzmin3,4 showed that there is a
unique, ellipsoidally-stratified mass model for which the corresponding potential
has three global integrals of the motion, quadratic in the velocities. Kuzmin’s
model – explored in detail by de Zeeuw,5 who christened it the “Perfect Ellip-
soid” – has a large, constant-density core in which the orbital motion is that of
a 3-D harmonic oscillator. Every orbit in the core of the Perfect Ellipsoid fills a
rectangular parallelepiped, or “box.” At higher energies in the Perfect Ellipsoid,
box orbits persist, and three new orbit families appear: the “tubes,” orbits that
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preserve the direction of their motion around either the long or short axis of the
figure. Tube orbits respect an integral of the motion analogous to the angular
momentum, and hence – unlike box orbits – avoid the center. When two of
the axis lengths of an ellipsoidal model are equal, the box orbits disappear, and
all trajectories belong to a single family of tube orbits that circulate about the
axis of symmetry. Thus, box orbits are uniquely associated with the triaxial
geometry.
Unfortunately, the Perfect Ellipsoid does not look very much like real ellip-
tical galaxies. Its density falls off as ρ ∝ r−4 at large radii; both the luminosity
and mass density in real galaxies fall off more slowly, as r−3 or r−2. And re-
cent observations of galactic nuclei demonstrate that constant-density cores do
not exist – the density of starlight in real galaxies always rises monotonically
at small radii, roughly as a power law.6 The density profile in these power-law
“cusps” rises as steeply as ρ ∝ r−2 in faint elliptical galaxies, while the cusps
in brighter galaxies are typically shallower.7 There is also increasingly strong
evidence that many elliptical galaxies and bulges contain central massive ob-
jects, possibly the black holes that are thought to have powered quasars.8 While
the masses of these dark central components are often very uncertain, typical
estimates are 10−3 <∼MBH/Mgal
<
∼ 10
−2, where MBH is the black hole mass
inferred from the orbital motions of surrounding stars and gas, and Mgal is the
stellar mass of the host galaxy or (in the case of a spiral galaxy) the mass of
the stellar bulge. Some galaxies, like M32, the dwarf companion to the nearby
Andromeda galaxy, are known to contain both a steep stellar cusp (ρ ∝ r−1.6)
and a dynamically-significant black hole (MBH/Mgal ∼ 0.003).
The existence of box orbits in the Perfect Ellipsoid is tied to the stability of
the long-, or x-axis orbit.9 The x-axis orbit is unstable at most energies to lateral
perturbations in triaxial models where the density increases more rapidly than
∼ r−1 near the center.10 The instability first appears through the bifurcation of
a 1 : 2 resonant orbit, the x− z “banana” boxlet.11 The x-axis orbit is likewise
unstable in any triaxial model with a central singularity.12 It follows that bona-
fide box orbits do not exist in the majority of triaxial potentials corresponding
to real elliptical galaxies; in their place, we would expect to find either stochastic
orbits, or regular orbits associated with minor resonances (like the banana) that
avoid the center.
The non-existence of box orbits has important consequences for the self-
consistent dynamics of elliptical galaxies. Schwarzschild13,14 and Statler15 found
that box orbits – particularly the thin boxes that remain close to the long axis –
were crucial for reconstructing the distribution of mass in triaxial models. Their
work was based on mass models with smooth cores. Merritt & Fridman16 at-
tempted to construct self-consistent triaxial models with central density cusps,
after excluding the stochastic boxlike orbits, or replacing them with invariant
ensembles representing a uniform population of stochastic phase space. Com-
pletely stationary solutions could not be found; only quasi-equilibrium solutions,
in which stochastic phase space was populated in a non-uniform way, could suc-
cessfully reproduce the density at all points in the model. An extension of this
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work to triaxial models with a range of axis ratios17 revealed that stationary
models with r−2 cusps could only be constructed if the figure was nearly ax-
isymmetric.
One important question left unanswered by these equilibrium studies is the
timescale over which chaos implies changes in the self-consistent structure of a
galaxy. Here, results from two recent studies that address this question18,19 are
presented.
2. Diffusion of Stochastic Orbits
In order for chaos to be relevant to real galaxies, it must produce a significant
change in the region visited by an orbit after just a few tens or hundreds of orbital
periods – the approximate lifetime of a galaxy. In a pioneering study, Goodman
& Schwarzschild9 found that the boxlike orbits in a triaxial model with a smooth
core were often stochastic, but that the orbital motion was essentially regular for
at least 50 oscillations. On the other hand, Merritt & Fridman16 found that the
stochasticity in triaxial models with ρ ∝ r−2 density cusps produced significant
changes in the appearance of boxlike orbits after just a few tens of oscillations.
Merritt & Valluri20 went on to calculate timescales for mixing in these strongly
chaotic potentials; they found that ensembles of stochastic trajectories evolved
toward invariant distributions – corresponding to an approximately uniform fill-
ing of stochastic phase space – on timescales of only 101 − 102 orbital periods.
Taken together, these results suggest that the characteristic time over which
chaos manifests itself in the orbital motion is strongly dependent on the central
concentration of a triaxial model. Presumably, this dependence reflects the sen-
sitivity of boxlike orbits to deflections that occur during close passages to the
galaxy center.
A useful way to quantify the diffusion of stochastic orbits has been de-
scribed by Laskar.21,22 His “frequency mapping” technique is based on the fact
that a regular orbit can be characterized by the three fundamental frequencies
ωi, i=1,2,3 that define motion on an invariant torus. These frequencies can be
computed with high accuracy by integrating an orbit for a finite length of time
∆T , storing its phase-space coordinates at regular intervals, and decomposing
the motion into Fourier components. Carrying out this procedure for a large
number of orbits at a given energy and plotting ω1/ω3 vs. ω2/ω3 gives the “fre-
quency map,” a regular grid of points in frequency space. The same procedure
can be carried out for stochastic orbits, but now the values of the ωi will de-
pend on the integration interval – a stochastic orbit is not confined to a single
invariant torus and its “characteristic frequencies” will change with time as it
diffuses along the energy surface. A strongly chaotic orbit will migrate through
frequency space in just a few orbital periods, while a weakly chaotic orbit can
remain close to a single invariant torus for a very long time. The diffusion is
apparent as a distortion of the frequency map; the size of the distortion is pro-
portional to the distance that the orbits have moved in frequency space during
the period of integration ∆T .
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Papaphilippou & Laskar23,24 demonstrated the usefulness of the frequency
mapping technique for galaxy dynamics by using it to study orbital motion in
the logarithmic potential,
Φ(x, y, z) = log
(
m2 + r2c
)
, m2 =
x2
a2
+
y2
b2
+
z2
c2
. (1)
Equation (1) is the gravitational potential generated by a triaxial mass model in
which the density falls off as r−2 outside of the core radius rc. Papaphilippou &
Laskar established that the motion of boxlike orbits in the logarithmic potential
is generically chaotic, and showed that much of the chaos is associated with
motion out of the principal planes.
A mass model that better represents the distribution of starlight near the
centers of elliptical galaxies and bulges is Dehnen’s law,25
ρ(m) = ρ0m
−γ(1 +m)−(4−γ). (2)
Dehnen’s formula allows the steepness of the central density cusp to be adjusted
through the parameter γ – a useful feature, since real elliptical galaxies and
bulges have cusps with a range of slopes, 0 <∼ γ
<
∼ 2. Figure 1 shows frequency
maps of boxlike orbits in triaxial potentials derived from Dehnen’s density law,
with c/a = 1/2 and b/a = 0.79, and five different values of γ. All the orbits in
a given map have the same energy, corresponding roughly to the gravitational
potential at the half-mass radius. The fundamental frequencies were computed
over a time interval ∆T equal to 50 periods of the x-axis orbit – roughly a
galaxy lifetime. Approximately 104 orbits were integrated for each map; the
initial conditions consisted of a grid of points distributed uniformly over the
equipotential surface.18
The frequency maps of Figure 1 show a clear transition from nearly regular
behavior over 50 orbital periods when γ = 0 or 0.5, to clearly chaotic motion
when γ = 1.5 or 2. Many of the orbits can be seen to lie in resonance zones,
regions associated with rational resonant layers lω1 + mω2 + nω3 = 0, which
appear as lines in the frequency maps. The last resonance to strongly influence
the motion as γ approaches 2 is the 1 : 2 x−z banana resonance, which generates
the vertical lines ω1/ω3 = 0.5 in Figure 1. For smaller values of γ the motion is
influenced by a number of different resonances, some of rather high order.
By computing the fundamental frequencies over two adjacent time inter-
vals, each of length ∆T , one can define a rate of diffusion in frequency space
∆ω/∆T = max{|∆ωi|,i=1,2,3 }/∆T .
26 The distribution of ∆ω’s is shown in Fig-
ure 3 for each set of orbits used in the construction of the frequency maps
of Figure 1. Remarkably, there are no separate peaks associated with regular
orbits, i.e. orbits with constant ω’s (such orbits would be expected to have
∆ω/ω0 ≈ 10
−4, the approximate accuracy of the numerical routine that cal-
culates the fundamental frequencies.) Instead, the spectrum of diffusion rates
continues to rise toward small ∆ω, roughly as a power law. While there un-
doubtedly exist regular boxlike orbits associated with stable resonances like the
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Figure 1. Frequency maps of boxlike orbits in triaxial potentials corresponding to the mass
distribution of Eq. (2), with various cusp slopes γ.18 ω1, ω2 and ω3 are the fundamental
frequencies associated with oscillations along the long, intermediate and short axes of the
triaxial ellipsoid. The nearly regular grid of points in the upper left-hand panel indicates that
most of the orbits in the γ = 0 model mimic regular orbits over 50 oscillations. Departures
from a regular grid imply that diffusion has taken place in frequency space, i.e. that the motion
is stochastic. The bottom right panel shows the most important resonance layers, defined by
lω1 +mω2 + nω3 = 0 with integer {l,m, n}.
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Figure 2. Like Figure 1, for boxlike orbits in Dehnen’s model (Eq. 2) with γ = 0.5 and
with an added central point mass containing various fractions MBH of the total mass of the
model.18
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banana, Figure 3 suggests that the phase space volume associated with such or-
bits is very small. As γ approaches zero, the slope of the distribution increases,
i.e. a smaller fraction of the boxlike orbits exhibit strong diffusion. But even for
γ = 0 there is no hint of a separate population of regular orbits – rather, the
typical diffusion times become much longer than 50 orbital periods, indicating
that the majority of boxlike orbits are trapped for long periods of time in narrow
regions of phase space.
Figure 3. Spectra of diffusion rates for the orbits plotted in (a) Figure 1 and (b) Figure
2. The model parameters γ and MBH increase upward. ∆ω is the change in fundamental
frequencies over 50 orbital periods; ω0 is the frequency of the long-axis orbit.
These results suggest that the motion of boxlike orbits in triaxial potentials
is generically chaotic, but that the distribution of diffusion rates varies systemat-
ically with the degree of central concentration of the model. In models with low
central concentrations, typical diffusion times are long compared to 50 orbital
periods, but as the central concentration is increased, a larger fraction of the
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orbits are able to diffuse significantly in a galaxy lifetime. A very crude index of
the importance of the diffusion can be defined as the fraction of boxlike orbits
for which ∆ω/ω0 > 0.1, i.e. the fraction of orbits which experience a 10% or
greater change in their fundamental frequencies over 50 orbital periods. Figure
4 shows that this fraction increases from ∼ 10% at γ = 0 to ∼ 20% at γ = 1
and ∼ 50% at γ = 2. Thus, a typical boxlike orbit is essentially regular over
the lifetime of a galaxy in triaxial potentials with γ <∼ 1, and essentially chaotic
when γ ≈ 2. This conclusion is consistent with the very different configuration-
space appearance of boxlike orbits integrated in triaxial potentials with cores9
and with steep cusps16.
Figure 4. Fraction of boxlike orbits that undergo strong diffusion, ∆ω/ω0 ≥ 0.1, in 50 orbital
periods.
The effect of a central singularity on the frequency maps is shown in Figure
2, computed from Dehnen’s γ = 0.5 model with an added central point mass.
When the black hole mass MBH is less than about 0.1% of the galaxy mass, the
frequency map differs only slightly from that of the model with MBH = 0. As
MBH is increased to 1%, the motion becomes clearly chaotic, and forMBH = 3%
there is hardly a trace of structure remaining in the frequency map. Figure 3
verifies that the spectrum of diffusion rates becomes very shallow for largeMBH ,
even increasing toward large ∆ω when MBH
>
∼ 0.3%. The fraction of boxlike
orbits undergoing strong diffusion is illustrated in Figure 4; for MBH = 3%,
fully 3/4 of the orbits evolve strongly over 50 orbital periods.
The frequency maps paint a more complex picture of the phase space of
triaxial potentials than was apparent from earlier studies based on cruder tech-
niques for characterizing the stochasticity. For instance, instability timescales of
boxlike orbits inferred from Liapunov exponents are only 3 − 5 orbital periods
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Figure 5. Test-particle integrations in a triaxial model with a smooth core and a central
black hole. The z-axis is the short axis of the figure. Each of the five orbits is defined by its
starting point on the equipotential surface, which remained fixed in angular position as MBH
was increased. Orbits were integrated for approximately 10 full oscillations. Chaos induces
substantial changes in the orbital shapes over this period of time when MBH
>
∼ 0.02Mgal.
10 Merritt & Valluri
in triaxial models like those studied here, even in models with smooth cores.20
This is much shorter than the typical diffusion time inferred from the frequency
map analysis. The apparent discrepancy can be understood by recognizing that
the motion in weakly chaotic potentials is confined over long periods of time
to narrow regions in phase space. The Liapunov exponents measure only the
divergence rate of nearby trajectories within these limited regions, and not the
physically more interesting timescale for diffusion from one such region to an-
other. As the degree of central concentration of the model is increased, the
stochastic layers increase in size until they overlap, and a large fraction of the
boxlike orbits are able to wander ergodically over the energy surface in a finite
length of time. This change in the structure of the phase space is reflected in the
spectrum of diffusion rates, which becomes shallower as γ orMBH are increased.
Dynamical systems often exhibit a transition to “global stochasticity”: as
a perturbation parameter is increased, there is a sudden change from a regime
in which the stochastic motion is closely bounded by KAM surfaces, to a regime
where the stochastic motion is interconnected over large portions of the phase
space. (Stochastic phase space in a 3 DOF system is always interconnected
through the Arnold web, but Arnold diffusion is extremely slow unless the
stochastic regions overlap.) In the globally-stochastic regime, there are few bar-
riers to the motion, and stochastic orbits can wander over the full energy surface
in little more than an orbital period. Is there a transition to global stochasticity
in the triaxial models discussed here? Hints of such a transition can be seen in
Figure 4, which shows that the fraction of boxlike orbits that evolve strongly in
50 orbital periods becomes large as MBH is increased beyond about 0.01Mgal .
In fact the situation is even more dramatic than this, as illustrated in Figure 5,
which shows the behavior of boxlike orbits integrated for just 10 orbital periods
in triaxial models with a smooth core and various values of MBH/Mgal. When
the black hole mass exceeds ∼ 2% of the galaxy mass, orbital evolution takes
place in only a few oscillations – just the behavior expected in the globally-
stochastic regime. If one imagines slowly increasing the mass of a black hole at
the center of a triaxial galaxy, Figure 5 suggests that the galaxy would be forced
to respond very rapidly – perhaps in just a few crossing times – once the black
hole mass exceeded ∼ 0.02 Mgal.
3. Self-Consistent Evolution
In recent studies of the triaxial self-consistency problem16,17,27, attempts were
made to identify the stochastic orbits and to treat them differently from the reg-
ular orbits in the model construction. The separation of regular from stochastic
orbits in these studies was based on the detection of linear instability of the mo-
tion; regular orbits were defined simply as those that showed no clear evidence
of instability over ∼ 100 oscillations. But the true situation is more complex, as
discussed above. Boxlike orbits exhibit a wide range of diffusion rates, with no
clear separation into “regular” and “stochastic” families. In addition, orbital pe-
riods decrease toward the center of a galaxy; an orbit with a diffusion timescale
of 103 periods would mimic a regular orbit in the outer parts of a galaxy, but
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would behave chaotically over a galaxy lifetime if located near the center.
There would seem to be no substitute for N -body codes when dealing with
a situation as complex as this. Until recently, N -body algorithms were unable to
deal in a practical way with the high degree of central concentration of realistic
triaxial models. But the situation has changed, and a number of algorithms
are now available that can efficiently represent the gravitational potentials of
systems with central cusps and nuclear black holes.28 Here, the results of a new
N -body study19 of triaxial galaxies with central singularities is presented.
The initial conditions for this study consisted of ∼ 105 particles distributed
in a nonrotating triaxial bar, with c/a ≈ 0.5 and b/a ≈ 0.75. The initial model
was generated by collapsing a cold, spherical cloud and allowing it to evolve to
an equilibrium state; the triaxial shape resulted from a bar-making instability
associated with cold collapse.29 In order to increase the resolution very near
the center, particles were given masses that depended on their initial positions;
masses varied by a factor of 10 from the center to the envelope. Particle positions
were advanced with individual timesteps, sometimes differing by as much as a
factor of 106, using a fourth-order integrator.
Figure 6. Growth of central density cusps in N-body models with various black hole masses.19
(a) Density profiles; (b) velocity dispersion profiles. The thin curve is the initial model without
a black hole; the three heavy curves are final models with MBH/Mgal = 0.003, 0.01,0.03. The
straight line in panel (a) has a logarithmic slope of −2; in panel (b), of −0.5.
The initial model had a constant-density core. A “black hole” was grown in
this core by increasing the mass at the origin according to M(t) = MBHτ
2(3−
2τ), with τ = t/tgrow. Various values for MBH and tgrow were used. Figure
6 illustrates the formation of a density cusp in the stars surrounding the black
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hole; the cusp forms because the black hole pulls in the neighboring stars as the
force of its attraction increases.30
The growth of a black hole in an initially triaxial model is expected to make
the model more axisymmetric, through a two-step process.31,32 Many of the box
orbits in the initial model are rendered stochastic by the black hole; as a result,
they evolve to fill a more-or-less spherical volume corresponding roughly to the
region enclosed by an equipotential surface. Nearly-spherical orbits are not very
useful for reconstructing a barlike shape, and so the model responds by becom-
ing more axisymmetric. As it approaches axisymmetry, the tube orbits that
circulate about the symmetry axis are able to reproduce the mass distribution
self-consistently and the galaxy settles rapidly into equilibrium.
This picture appears to be essentially correct, as illustrated in Figure 7,
which shows the evolution of the intermediate-to-short axis ratio b/a of the model
as the black hole is grown. For three different black hole masses, MBH/Mgal =
0.3%, 1% and 3%, the model evolves to a final state that is almost precisely
axisymmetric. The short-to-long axis ratio also increases, from its inital value of
∼ 0.5, to ∼ 0.9 near the center and ∼ 0.6 at the half-mass radius; the elongation
of the model ceases to change once axisymmetry is reached, a fact which argues
in favor of the evolution being driven by the box orbits.
Although the final shape of the model is nearly the same for the three
different values of MBH tested here, the evolution time was found to depend
strongly on the black hole mass. When MBH = 0.003Mgal , axisymmetry was
not quite reached by the end of the integration, at roughly 55 half-mass orbital
periods. But when MBH was increased to 0.03Mgal , the model evolved in shape
on approximately the same timescale that the black hole grew. Experiments
with smaller values of tgrow revealed that the response time of the galaxy to the
black hole was essentially instantaneous – i.e., of order the local orbital period –
whenMBH exceeded ∼ 2% of the galaxy mass. Such rapid evolution is just what
would be expected based on the test particle integrations shown in Figure 5. We
conjecture that a transition to global stochasticity occurs at MBH ≈ 0.02 Mgal,
causing the boxlike orbits to lose their characteristic shapes in a single orbital
period. The galaxy responds by rapidly becoming axisymmetric.
This rapid evolution toward axisymmetry may constitute a negative feed-
back mechanism that determines the maximum mass of nuclear black holes.19
In one widely-discussed scheme,33 nuclear black holes grow by capturing stars
or gas clouds on box orbits as they pass near the galactic center. But as the
mass of the black hole approaches ∼ 2% of the galaxy’s mass, the galaxy would
evolve rapidly to axisymmetry, thus eliminating the box orbits and cutting off
the supply of stars or gas to the black hole. Black holes could then never accrete
more than ∼ 2% of their host galaxy’s mass unless they somehow managed
to grow on a timescale much shorter than a galaxy crossing time. This hy-
pothesis is consistent with what is known so far about the masses of nuclear
black holes, the largest of which have masses of order 1% the stellar mass of
their parent galaxies.8 The current record-holder is NGC 3115,34 which has
MBH/Mgal ≈ 2.5%, nicely consistent with the prediction.
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Figure 7. Evolution of the intermediate-to-long axis ratio b/a of the N-body models as
nuclear black holes of three different masses are grown.19 Time is in units of the half-mass
orbital period. Black hole masses are expressed in terms of the total mass of the galaxy model.
The axis ratio was computed from the most-bound 50% of the stars. The two smaller black
holes were grown on a timescale of 5 half-mass orbital periods; the black hole withMBH = 0.03
was grown in 2 half-mass orbital periods.
Although the critical black hole mass found here was derived from a single
triaxial model with a particular shape, roughly the same mass may define the
transition to global stochasticity in models with very different geometries. For
instance, Norman, Sellwood & Hasan 35 found that 2-D models of rotating barred
spiral galaxies exhibited strong evolution toward axisymmetry whenMBH/Mgal
exceeded ∼ 5%. But in 3-D simulations of similar barred systems,36 the bar
was found to be much more fragile, evolving strongly once the black hole mass
fraction exceeded ∼ 1%.
The N -body work described here was carried out in collaboration with G. Quin-
lan. We thank J. Sellwood for helpful comments on the manuscript. This work
was supported by NASA grant NAG 5-2803 and by NSF grants AST 93-18617
and AST 96-17088.
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